We provide a supplementation of the results on the canonical forms for scalar fourth-order ordinary differential equations (ODEs) which admit four-dimensional Lie algebras obtained recently. Together with these new canonical forms, a complete list of scalar fourth-order ODEs that admit four-dimensional Lie algebras is available.
Introduction
The integrability of scalar ordinary differential equations (ODEs) by use of the Lie symmetry method depends on their symmetrical Lie algebra if the Lie algebra is solvable and of sufficient dimension. There exists two different approaches to the integrability of differential equations using Lie point symmetries. One is the direct method in which Lie point symmetries are utilized to perform integrability by successive reduction of order of the equation using ideals of the algebra. The other approach is the canonical form method if the equations are classified into different types according to the canonical forms of the corresponding Lie algebra.
Lie [1] classified scalar second-order ODEs into four types on the basis of their admitted two-dimensional Lie algebras and also performed integration of the representative equations corresponding to the canonical forms of the twodimensional symmetry algebra. Therefore, scalar secondorder ODEs can be integrated by using canonical variables which map the symmetry generators to Lie's canonical forms. Also here one can use successive reduction of order by using ideals of the symmetry algebra (see, e.g., Olver [2] ). The Noether equivalence approach for Lagrangians corresponding to scalar second-order ODEs is discussed in Kara et al. [3] .
The canonical forms for scalar third-order ODEs that admit three symmetries were obtained by Mahomed and Leach [4] . Then Ibragimov and Nucci [5] provided the integrability of these canonical forms.
In their paper, Cerquetelli et al. [6] constructed realizations in the plane of four-dimensional Lie algebras listed by Patera and Winternitz [7] . Moreover, the classification of subalgebras of all real Lie algebras of dimension ≤4 was discussed in [7] . The construction of Cerquetelli et al. [6] was based on the three-dimensional subalgebras provided in [7] . They invoked the realizations of three-dimensional Lie algebras in the plane derived earlier by Mahomed and Leach [8] for this purpose. They then determined the fourth-order ODEs admitting the realizations of the obtained four-dimensional algebras as their Lie symmetry algebra. Finally, they provided the route to the integration of the classified fourth-order ODEs. However, the derived realizations of four-dimensional Lie algebras need supplementation in the light of recent work by Popovych et al. [9] . Recently, these authors constructed a complete set of inequivalent realizations of real Lie algebras of dimension not greater than four in vector fields in the space of an arbitrary (finite) numbers of variables. We use the results of [9] to complete the classification of fourth-order ODEs in terms of their four-dimensional algebras presented in [6] .
Apart from scalar fourth-order ODEs arising in the symmetry reductions of partial differential equations such as 2 Journal of Applied Mathematics the linear wave equation in an inhomogeneous medium (see [10] ), they occur prominently as model equations in the form of the static Euler-Bernoulli beam (see, e.g., [11] ) and EmdenFowler equations. Such equations have been investigated for symmetry properties in [12, 13] .
Firstly, we provide a comparison of the results of [9] and that of [6] related to the realizations of four-dimensional Lie algebras as vector fields in the plane. Then we list the new canonical forms of scalar fourth-order ODEs which possess four-dimensional algebras.
Comparison of the Results of [6, 9]
We show here that the results on realizations of fourdimensional algebras in the plane given in [6] are a special case of the corresponding set of realizations given in [9] . We make a comparison of the lists of realizations given in [6] and [9] . It should be remarked that in general a result of classification of realizations may contain errors of two types, namely, (i) missing of some inequivalent cases and (ii) mutually equivalent cases.
In the following comparison, some first type of errors exist in [6] . Five cases are missing. There are some other cases which can be combined in a compact form and also some arbitrary parameters and functions need modification according to the results of [9] related to realizations in the plane. Below we keep the notations of both: on the left hand side the notations of [6] and on right hand side that of [9] . However, for the final results and further utilization, we keep the notations of [9] .
Four-Dimensional Algebras.
We use the nomenclature of Patera and Winternitz [7] in the naming of the algebras such as 4 1 . Thus we do not provide a table of the abstract algebras of dimension four as this is easily available.
Here the refers to the realizations given in the work [6] and to that of [9] .
(2 2 ) ∼ (2 2.1 , 5) ( = , = ) whereas (2 2.1 , 7) is missing in [6] .
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Concluding Remarks
In this contribution we have supplemented the work [6] for the canonical forms of scalar fourth-order ODEs and have obtained four new forms as listed in Table 2 . The integrability of these equations has the same route as the others which are discussed at length in [6] .
